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XXVI. A new Method of finding the equal Roots of an 'Equation , by 
Divifion. By the Rev. John Hellins, Curate of Con- 
ftantine, in Cornwall; communicated by Nevil Mafkelyne, 
I). D. F. R. S. and AJlronomer Royal. 


Read June 20, 1782. 

**TT^HE following theorems are a produ&ion of juvenile 
JL years. They were invented about twelve years ago, 
when algebra was my favourite ftudy; and one of them (the 
fu-ft) was publifhed as a fpecimen of this method of extra&ing 
"the equal roots of an equation about ten years ago. Since that 
time my avocations have left me but very little leifure for im¬ 
proving any invention of this kind. Thefe theorems, then, 
are in their crude ftate; however, fuch as they are, I flatter 
myfelf, they will afford an eafier folution of equations that have 
equal roots than is generally known, and be acceptable to the 
ingenious algebraift. 


THEOREM I. 


If the cubic equation x 3 — px 1 + qx — r*= o has two equal roots , 
each of them will be (x) — ———• 


DEMONSTRATION. 

Call the three roots a, a, and b ; then, by the compofltioa 
of equations we ftiall have x 3 ~ la t ^ x* £ * - aab = o, where 
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IfCi + bzzp}_ aazab ~.q, and aabszr which values being 
written in our theorem, we have x (- =. ;; ) 'zs 

v 2pp — 0q ' 


•zacict 4- 4-aab 4- aah J r 2abb~~ qqab __ 'letaa — 4 aah ^fiahb 
§£<».+ ^ab^ikh;^ baa — I %ab 2qa -e 4 qb -\~2bb 



E .X:. A M E; L: E I. 

If the equation ,x 3 -ygx z — 32*-{-.36 = 0 has two equal roots, 
it is propofed to find them by thenbove theorem. 

Here 5, y = — 32, and r= —36 ; thefe values being 

written in the theorem, we have ~ ^ ~ , 3?.Z^ =^ : f2jL31P 

2 x 25-6 x-32 50+494,. 

ar|~±=*3* which being written for x, the equation becomes 

8 + 20 — 64-P36, which is evidently = 0 ; confequently 2 and 2 
are roots of it., 

Otherwife, 2, the value of x given by the theorem, being 
written for it in the quadratic equation gx 2 +\o% —..32 —~o, the, 
refult is ,12 q- 20 32 ==,,0. 

Or, dividing the given cubic by the quadratic '4-- 2]% we, 
have v 2 - 4V + 4) ** + 52’ 1 -. ggx + 36 (v + 9 j therefore the three, 
roots, are 2, 2, and - 9. 

E ; X ,A>'M P L E , IL 

Given x 1 d-y^ - —? = Q, an equation, which has equal roots> 
to find them. 

Here q = 0 , and the, theorem gives Z - 3 5o . 0 °^49 = ~*o , • , 

& 200x926 1 2,1 J 

value being written for x the equation, yanilhes. 


T H £ OR. E M 
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T H E O R E M: H. 

If the biquadratic equation x**-px i it-qx' L ^rx+s — o has two 

4equal roots, make A = -d—Jfd B ~ — , C 3: and D = 

2 m-%<i zpp-W 4 a +3P 

—-—and you will have ^ = 5^-? . 

A fyntherical demon fcration of this theorem would be very 
long : the investigation is as follows. 

It has been demonftrated by the writers on algebra, that, if 
a biquadratic equation, as v 4 —px 1 -|- qx* — rx -\-s ~ o, has two 
equal roots, one of them may be had from the equation 
4* 3 ~ 3fi x * + 2 p x ~~ r — o. Multiply this equation by x, and the 
original one by 4, and take the difference of the two, which will 
be px % — 2 qx* + %rx — 41 =r o. Again, if this equation be multi¬ 
plied by 4, and the other cubic by p, and their difference taken, 
we jfhall have %pp — Sq x x z + 1 zr — zpq x x +pr - i6i±:o, oi* 

x 1 + ’——i- x + ~~w - or x 1 + Ax + B = o, putting A and 

B for the known quantities in the fecond and third terms. Now 
multiply this equation by 4.x, and take the firff cubic from it, 
and we (hall have 4A + -yp x >x* + 4B — 2 q x'x~+r—o, which 
being divided by 4A + yp, and C and D put equal to 

~q^ and ref P eaivel f’ s lves *;* + C* + £>-‘o; and 

this equation being taken from the other quadratic, there remains 
A ~ C x # + B - D — o ; confequently x == E. I. 

corollary i. From the above inveftigation it appears, that 
one of the equal roots may alfo be obtained from either of thefh 
two-quadratic equations, of which the firff feems moft eligible, 

1:12 as 
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as the co-efficients of it are lefs complex than thofe of the 

other 

%pp — 8^ x a? 4 -f 12r — 2 pq x x +pr — 1 6s — o, 
and 4A + 3/> x x 1 + 4B — zq x- x + r = 0. And thefe*. 
when p — o, become - 8 qx z -f 1 zrx - 16s = o, 

and —■'—£* -P ^ — 2# x x 4 -r —a, 

or x* — -—a? 4-— — .©> 

2 s? ' 1 

and aA l .v - | —o» 

3 * 6 

corol. 2. If both p and q vanifli, then, from either of the 

quadratics we get A?=s —, perfectly agreeing with the cubic 

3 n 

px *— zqx* + yrx — 45 = o, which, when p and q vanifh, becomes 
yx — 4.? — o. And this equation, is of ufe; beeaufe, in this- 
cafe, the theorem fails,, one of the divifors being = 0. 

COR on. 3. From the equation 4.x 3 — %px* + 2qx — r = o, which* 
when p and q, vanifh, becomes 4.x 3 ~r = o, we alfo get. 

x= {/ - , another.expreflion, of the fame value of x. 

4 * 

corol. 4, When r = o, D = o, and from the equation 
ac* -f-Gv + D = 0, we have a? =.- —- C. 

E X A M P L E, I- 

If the equation x*% - 9** + ye + 12 =.o has equal roots, it is 
propofed to. find them* 


Here 
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Here/ = 0, q- - 9, r= - 4, and s = 12; and 
A becomes = 

B 


12x -4 _ 

, —2 

1 

O 

I 

X 

GO 

l 

T 5 

~i6 x—i2_—8 

— 8 x —9 

3 ' 

—3 „ 


4 x ~—f~18 

_ — 


4 X- 




11 
4 


D 


_^ 4 _ 3 


-8 

3 


J &+32 


_j D—B f + f 

and A-c-r^ + ii“ -8 + 33 

3 4. 


: —=2, 
25 


which being written for x, the equation becomes 16-36 + 8 
+ 12 = 0; therefore 2 is one of the roots. 

The fame value of * may be difcovered from either of the 
quadratic equations mentioned in corollary 1. The proper values 
x>f the co-efficients being written in the foil of them, it becomes 

o, where one value of x is ——i =■ 2. The - 


x 


2 8 

-x — - 


other quadratic becomes x' - — x + 2 = 0 , one of whofe roots is 

4 2 

8 


E X A M P Iv E II. 


It being known that the equation x* 
has two equal roots, to find them. 


x 


7* l + 13V - 6 


■ o 


Here p 
142 


59 . 
12800 
23069’ 


B-^3 


and 


59 
D-B 


? = ~ 7 * r 
C — .n!L5§ 


39 1 
12800 


D = 


..767 

39 l 


and r - - 6; and A = 
12800 


, D-B = 


23OD9 9 


A - C —■ 


A- 




= 1, one of the roots fought. 



422 Mr, HELL! ns’s Method of finding ike 

The fame value of x may be found from either of the two 

general quadratic equations given in corollary i. From the 

fir ft of them we get one value of i, And from 

6 59 

the other, one value which is alfo™ I. 

39 1 


E -X A M P L E III. 


Given the equation x 4 ~ I x + — = o, in which two values 

2 ib 

.of x are equal to each other, to find them. 

By corollary %. we .have x == -. By eorol. 


jc.is:- 


(/ 



i 



T H E O R E M III. 

If the Jurjbhd equation x s ~px* + qx 3 ~ rx l + sx - 1 = o /wo 
roots equal to each other , yo« make A = di Tl ft h'? B — 

7 4-pp-iof 4pp-iof 

p_ 2 ps j-j _ 5B 3 q p 5C-{- 2 r jp __ s r—< _B — E 

~ 4 pp—ioq ’ 5A + 4/)’ ~5A + 4/)’ ~ 5A + 4/) ’ — aTl)» 

H — ^ = » an ^ K = j~q » Jhall one pf the equal 

values of x be s= ^ * 

^ 1 - v.T 

The inveftigation of this theorem being altogether fimilar to 
that of the laft, it is unneceflary to give it here. 

The difference of equations being taken as in the inveftiga¬ 
tion of theorem II. it will appear, that one of the equal roots 
may alfo be had from any one of the following five equations, of 
which fometimes one, fometimes another, will be the moft 
eligible,, 
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1. $x 4 - Aptf+.zq-x' - zrx + s — o. 

2. px A — zqx 3 + 3^ - 4 -sx + 5/ = o. 

3. + Ax* + B* + C — o. 

4., v 3 + Dv* + E.v - F = 0. 

3 • x 4* Gv 4" H — o * 

It is obvious, that, when p vanifhes, the work will be con- 
fiderably fhortened; and when both p and q are wanting, 
though the above formula fails, yet the equal-root may beeafily 
obtained from the equation px 4 — 2 qx* 4-3 ra?* — e^sx + st — o, 
which in, that cafe becomes 3/w* ~ 4 sx 4 -.$t = o. Whenever 
j is wanting, F, in the fecond cubic above, will be =r o, and 
eonfequently x may be found from the quadratic equation 
xt 4- Dv 4- E = o. But in any of thefe cafes the equal root may 
be found by divifion. However, the operation probably will not, 
in general, be fo ihort as extrafling the root of the quadratic ; I 
will therefore haften to give an example or two of the ufe of 
the theorem. 


E X:'4V M P L E I. 


Here p — 

A — — i ’5 

B - o 

C =■ +0-2358 
D= 4-0*4 
E = —0*4238 

, H-K 
and x — 


s — o, ./» 0*09433, and we get 

F-o 

G = —0*2231 
H= -0*1241 
I ■= -0-0972 
K — - o*i 85 

=0.48. 


Given x~ + at 3 —x l +0*09433 = 0, to find x, two values of it 
bising equal to each other. 

q= 1, n—i 


The proper values of the co-efficients being written in thd 
five equations before mentioned* ,and fome of -them divided by 

the* 
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the co-efficient of the higheft power of *, we have thefe four 
equations, in each of which one value of x is one of the equal 
ones fought : 

v 3 * +o*6v - o*4— o. 

.v 3 — 1-5*** + 0-2358 = 0. 

#* 4 -'O'4#— 0*4238 — o. 

X 3, - 0*2231* — 0*1241 = O. 

Now the moft eligible equation is the quadratic x* 4-0*4* 
0*4238 = o, whofe affirmative root is ^0^4638] - 0*2 = 0*481 r, 
agreeing with the value of a* found above, but-true to two 
places lower in* the decimal. 


E X AMP L E II. 

To find the two equal -values of a; in the equation 
64*’ — 20**4- 3 •=.©, 

The given equation 'being divided by 64, we have 
...x s -0*3125**+ 0*046875 = 0 ; and then, from the firft of the 
five equations given above, "we get 5V 4 - 0*625* = o, &nd* = 

v^o-i25 = o*5. .-But from the fecond of the equations juft 
mentioned, we have 0*9375** - 0*234375 = o, or ** = 

"cf 9 37 5^ ~ °* :2 5 ’ and x —\/ 0 * 2 5 = °' 5 * 

From the foregoing few pages it is evident, that rules may 
be made for finding the equal roots of equations of more than 
five dimenfions by divifion ; but the operations by them will, 
in moft cafes, be long and tedious. It is obvious, however, 
that fuch equations may be depreffed to any dimenfion the alge- 
braift pleafes. 

JL 

It has indeed been fuppofed, that the number of equations 
that have equal roots is but fmall, and, confequently, that the 

chief 
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chief ule of the rules for finding their roots is to get limits 
and approximations to the roots of equations in general. That 
ufe, it mud be allowed, were it the only one, is fufficient to 
pay for inyeftigating them. But if the equations that have 
equal roots (hould hereafter be found not fo few as has been 
generally received, then the ufe of the above theorems will 
become more extenlive. 

I beg leave to add, that this fhort effay is but a fmall part of 
a work, in which, if I fhould ever have lei lure to put a finifh- 
ing hand to it, fbmething more on this fubjeft may very pro¬ 
bably appear. In the mean while, I hope, this little piece wilh 
be candidly received by thofewho have more leifure and. better, 
abilities for ftudies of this kind. 

Cbnftantine, 

February 9 , 



K u k. 
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